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We investigate the decoherence in a PT -symmetric qubit coupled with a bosonic bath. Using
cannonical transformations, we map the non-Hermitian Hamiltonian representing the PT -symmetric
qubit to a spin boson model. Identifying the parameter α that demarcates the hermiticity and non-
hermiticity in the model, we show that the qubit does not decohere at the transition from real
eigen spectrum to complex eigen spectrum. Using a general class of spectral densities, the strong
suppression of decoherence is observed due to both vaccum and thermal fluctuations of the bath,
and initial correlations as we approach the transition point.
I. INTRODUCTION
The fundamentals of quantum mechanics were thought
of just as an academic interest but ever since more and
more non-hermitian systems became experimentally ac-
cessible [1–3] the notion changed. In fact, recent experi-
ments have shown that the hermiticity postulate of quan-
tum mechanics may not as fundamental as thought [4, 5].
It was just mere convenience to say that every quan-
tum system should be represented by Hermitian opera-
tors as they have real spectrum but the converse is not
necessarily true, one could have real eigen values with
non-hermitian operators as well. One of the examples
are PT -symmetric Hamiltonians which have been real-
ized in many different setups, such as optical [6, 7], op-
tomechanical [8], or microcavity-based experiments [9].
In a nutshell, one could define PT -symmetric systems
to be those which are invariant under joint time rever-
sal T and parity P operations. It has been shown that
PT -symmetric Hamiltonians not only admit real spec-
trum but can also be mapped into hermitian Hamiltoni-
ans with suitable transformations [10].
When a quantum system of interest interacts with an
environment, its evolution becomes non-unitary and dis-
plays decoherence [11]. Decoherence is the fundamen-
tal mechanism by which fragile superpositions are de-
stroyed thereby producing a quantum to classical tran-
sition [12, 13]. In fact, decoherence is one of the main
obstacles for the preparation, observation, and imple-
mentation of multi-qubit entangled states. The intensive
work on quantum information and computing in recent
years has tremendously increased the interest in explor-
ing and controlling decoherence effects [14–24]. A natural
question would pertain to decoherence in PT -symmetric
systems and how decoherence varies with the change in
“amount of hermiticity” of the Hamiltonian.
It has been observed that non hermiticity leads to slow-
ing of decoherence [10, 25] in the long time limit of dy-
namics. In this paper, for the first time we address the
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question pertaining decoherence in PT -symmetric qubit
without any approximation on dynamics. We consider
both the situations where qubit and bath are initially
uncorrelated as well as correlated; we show that the de-
coherence imparted by the initial correlations (as well
as in uncorrelated case) is significantly suppressed as we
change the hermiticity in the model.
This paper is organised as follows. We introduce the
PT -symmetric qubit model in section II. This Hamil-
tonian depends on a parameter α which separates the
real and complex eigen spectrum of the system. We map
the non-Hermitian Hamiltonian to spin boson model with
suitable canonical transformations. Assuming the system
and bath at thermal equilibrium at time before t = 0,
we make a projective measurement on the system only,
which result in a bath state that depends on state vector
of the system. In section III, we study the decoherence
due to this state dependent bath as well as due to un-
correlated initial states, and show that decoherence due
to these initial correlations are strongly modified by the
change in the parameter α controlling the nature of the
of the model Hamiltonian. We finally conclude in section
IV.
II. PT -SYMMETRIC MODEL HAMILTONIAN
COUPLED WITH A BOSONIC BATH
The system under consideration is a PT -symmetric
qubit coupled to a bosonic bath described as
H = HS ⊗ IB + IS ⊗HB +HI (1)
where Hs = iασ
z+σx is a PT -symmetric qubit Hamilto-
nian [10, 26]. We see that Hs has two eigenvalues E± =
±√1− α2. Thus, for |α| ≤ 1, we will have real eigenval-
ues. α = 1 would therfore correspond to the transition
point separating the real and complex eigen spectrum.
For future references α will be called hermiticity or her-
miticity parameter and hence defines the hermiticity in
the Hamiltonian. HB =
∑
k
ωkb
†
kbk represents the bosonic
bath with bk as an anhiliation operator of kth bosonic
mode with energy ωk. The interaction between the qubit
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2and bath is given by HI =
∑
k
(iασz + σx)(gkbk + g
∗
kb
†
k).
This hamiltonian can be mapped to a hermitian
hamiltonian,H via an operator T which preservers quan-
tum canonical relations. Identifying,
T = ∆†
(
s+ 0
0 s−
)
∆, (2)
with s± =
√
2(1± α) and ∆ = 1√
2
(
i 1
−i 1
)
we can write,
H˜ = THST
−1 ⊗ IB + IS ⊗ THBT−1 + THIT−1
= Eσx +
∑
k
ωkb
†
kbk +
∑
k
Eσx(gkbk + g
∗
kb
†
k) (3)
with E =
√
1− α2. It is clear that the transformed
Hamiltonian is Hermitian with gkE as the effective cou-
pling. Making the transformation σx → σz, we get
H˜ = Eσz +
∑
k
ωkb
†
kbk +
∑
k
Eσz(gkbk + g
∗
kb
†
k) (4)
which is the well known spin-boson model. The distinc-
tive feature of this dephasing model is that the average
populations of the qubit states do not depend on time.
III. DECOHERENCE
A. Uncorrelated State
Suppose at time t = 0 the state of the composite sys-
tem is described by the initial density matrix ρ(0), then
at time t the density matrix in interaction picture is given
by
ρ(t) = U(t)ρ(0)U(t)† (5)
where U(t) = T e−i
∫ t
0
dt′HI(t′) is the time evolution op-
erator, HI(t) is the interaction Hamiltonian in the inter-
action picture and T is the chronological time ordering
operator. Our main interest is to calculate the reduced
density matrix of the system by tracing over degrees of
freedom of the bath:
ρs(t) = TrB [U(t)ρ(0)U(t)
†] (6)
We assume the initial density matrix of the total system
as a direct product state:
%(0) = %S(0)⊗ %B , %B = e−βHB
/
ZB , (7)
where β = 1/kBT , and ZB is the bath partition function.
Note that %S(0) may be a pure state as well as a mixed
state of the qubit.
Next we write U(t) = Te−i
∫ t
0
dτHI(τ) = eiφ(t)eσ
zΛˆ(t)
where φ(t) is a function of time only and Λˆ(t) =∑
k[αk(t)bk−α∗k(t)b†k] with αk(t) = Egk e
−iωkt−1
ωk
. There-
fore, we can write for the qubit state |ψ〉 = a|0〉+ b|1〉:
ρs(t) = TrB [U(t)ρ(0)U(t)
†]
= TrB [e
σzΛˆ(t)|ψ〉〈ψ| ⊗ %Be−σzΛˆ(t)]
=
( |a|2 ab∗e−γ1(t)
ba∗e−γ1(t) |b|2
)
(8)
with γ1(t) defined as
γ1(t) = −
∑
k
ln
〈
exp
[
αk(t)b
†
k − α∗k(t)bk
]〉
B
, (9)
where the symbol 〈. . .〉B denotes averages taken with the
bath distribution %B . After straightforward algebra one
finds
γ1(t) = (1− α2)
∫ ∞
0
dω J(ω) coth (βω/2)
1− cosωt
ω2
,
(10)
where the continuum limit of the bath modes is per-
formed, and the spectral density J(ω) is introduced by
the rule [11]
∑
k 4|gk|2 f(ωk) =
∫∞
0
dω J(ω)f(ω). Expres-
sion (10) is the exact result for the decoherence function
in the model (4) under the uncorrelated initial condition
(7). We thus observe that the decoherence function is
scaled by the factor E2 = 1−α2. Thus changing α from
zero to 1 results in the suppression of decoherence. At
transition point from hermitian to non-hermitian Hamil-
tonian α = ±1, no decoherence results making qubit
state maximally robust. In the next section we see the
same effect in correlated initial states.
B. Correlated initial States
Next, we assume the total system plus bath are in ther-
mal equilibrium state at time t < 0, and a measurement
is made on such state at time t = 0, such that we have
at t = 0 [27–29]
ρ(0) =
1
Z
∑
m
Ωme
−βHΩ†m (11)
where Ωm are the projection operators on a desired state
of system and/or bath. Z is the normalization constant
called as partition function. Now we make particular case
of selective measurement, a projection by taking [28]
Ωm = |ψ〉〈ψ| ⊗ IB (12)
where IB is the identity operation on the state of bath
and |ψ〉 is a pure state of the qubit. Therefore we write
ρ(0) = |ψ〉〈ψ| ⊗ ρB(ψ) (13)
where ρB(ψ) =
1
Z 〈ψ|e−βH |ψ〉 represents the density ma-
trix of the bath and clearly depends on the state of the
qubit |ψ〉.
3FIG. 1. Time dependence of exponential of the total decoherence function e−γ(t) for initially correlated state for different values
of α with βω0 = 1 and the initial condition 〈σz〉 = 0,Ωβ = 1 in all the (a) subohmic s=0.2 (b) ohmic s=1 and (c) superohmic
s=2 cases.
ρs(t) = TrB [U(t)ρ(0)U(t)
†] (14)
= TrB [e
σzΛˆ(t)|ψ〉〈ψ| ⊗ ρB(ψ)e−σzΛˆ(t)] (15)
Now to evaulate the above expression, we take the general
state of the qubit as |ψ〉 = a|0〉+ b|1〉, while we relegate
the derivation to appendix A, we write
ρs(t) =
( |a|2 ab∗F (t)
ba∗F ∗(t) |b|2
)
(16)
where
F (t) = [
|a|2e−βω0/2ei(1−α2)Φ(t) + |b|2eβω0/2e−i(1−α2)Φ(t)
|a|2e−βω0/2 + |b|2eβω0/2 ]e
−γ1(t)
(17)
with Φ(t) =
∑
k
4|gk|2
ω2k
sinωkt. Using the fact |a|2 + |b|2 = 1 and 〈σz〉 = |a|2 − |b|2, we can write
|a|2e−βω0/2ei(1−α2)Φ(t) + |b|2eβω0/2e−i(1−α2)Φ(t)
|a|2e−βω0/2 + |b|2eβω0/2 = cos(1− α
2)Φ(t)− i sinh
βω0
2 − 〈σz〉 cosh βω02
cosh βω02 − 〈σz〉 sinh βω02
sin(1− α2)Φ(t).(18)
In order to get dephasing or time dependent frequency shift explicity we define
tan[χ(t)] =
sinh(βω0/2)− 〈σz〉 cosh(βω0/2)
cosh(βω0/2)− 〈σz〉 sinh(βω0/2) tan[(1− α
2)Φ(t)] (19)
so that F (t) simplifies to F (t) = eiχ(t)e−γ1(t)−γc(t) = eiχ(t)−γ(t) with γ(t) = γ1(t) + γc(t) and
γc(t) = −1
2
ln
[
1− (1− 〈σz〉
2) sin2[(1− α2)Φ(t)](
cosh(βω0/2)− 〈σz〉 sinh(βω0/2)
)2
]
(20)
The term γ1(t) represents the decoherence due to vac-
cum and thermal fluctuations of the bath while γc(t)
represents the decoherence due to initial correlations of
the composite system. Thus we see that the decoher-
ence function γ1(t) gets scaled by factor of 1 − α2 while
as a different functional dependence on α is found for
γc(t).The reduced dynamics of PT -symmetric qubit can
be calculated as T−1ρs(t)T .
Next, in order to understand the effect of parameter α
on decoherence dynamics, we define bath spectral density
function J(ω) =
∑
k 4|gk|2δ(ω − ωk). It is convienent to
describe J(ω) phenomenologically by assuming the power
law form with certian frequency cut-off. Therefore we
write J(ω) = λs(ω/Ω)
sΩe−ω/Ω where λs is the dimen-
4FIG. 2. Time dependence of exponential of the decoherence due to initial correlations e−γc(t) for different values of α with
βω0 = 1 and the initial condition 〈σz〉 = 0,Ωβ = 1 in all the (a) subohmic s=0.2 (b) ohmic s=1 and (c) superohmic s=2 cases.
sionless coupling constant and Ω is the cutt-off frequency.
The values s determine the nature of the bath, if s = 1,
we call it as ohmic bath while s < 1 and s > 1 are called
as sub-ohmic and super-ohmic baths respectively.
Figure 1 shows the variation of total decoherence e−γ(t)
with respect to Ωt for different values of α in the sub-
ohmic s < 1 , ohmic s = 1 and superohmic s = 2
regimes, where γ(t) = γ1(t) + γc(t). We see from fig-
ure 1(a), that for α = 0 we observe strong oscillations
of e−γ(t). However as α increases from 0 to 1 , the os-
cillations freeze out. The oscillations observed in e−γ(t)
are due the initial correlations in the subohmic regime as
can be seen from figure 2(a). The period of oscillations
increases from finite to infinite value, thus freeze out at
the value of α = 1. These features are due to the fact
that it takes a longer time for the system to complete one
Hilbert space oscillation resulting in extremely slow dy-
namics near the boundary α = 1 on which the dynamics
completely freezes.
Next, we turn to the ohmic case s = 1. In this case,
using the explicit form of J(ω), we can write the explicit
form of decoherence functions in closed form as [29]
γ1(t) = (1− α2)
[
λ1
2
ln(1 + Ω2t2)
+2λ1[ln Γ(1 + 1/Ωβ)− 1
2
ln |Γ(1 + 1/Ωβ + it/β)|2
]
Φ(t) = λ1 tan
−1(Ωt) (21)
Figures 1(b) and 2(b) show the variation of e−γ(t) and
e−γc(t) with respect to Ωt for different values of α. It
can be seen from the plot as the hermiticity parameter
increases from 0 to 1, the slowing down of decoherence is
observed. It is noted the sudden transition at α = 1 with
no decoherence at all. This feature can be attributed to
the frozen dynamics of the system Hamiltonian at α = 1.
For superohmic case, no oscillatory behaviour is found
unlike sub ohmic case see figures 1(c) and 2(c). This
is in complete contrast with the sub ohmic case where
the oscillation time period becomes infinite. Although,
in both super-ohmic and sub-ohmic cases as dynamics
kicks off at t = 0 the bath has a rapid correlation de-
pendent effect on the qubit explaining the initial minima
in the graphs, but in long time limit the qubit settles
in a steady state, completely independent of the initial
dynamics for superohmic case, while as no such steady
state is formed for sub-ohmic case. Nevertheless, both
the dynamics have the same physical consequences that
intial correlations disappear. In other words it would not
matter whether initially the system was prepared inde-
pendently or a projective measurement was made on the
thermalized system and bath, both will result in approx-
imately same dynamics near the boundary of separation
of physical and unphysical hamiltonians.
IV. CONCLUSIONS
In conclusion, we studied a PT -symmetric qubit cou-
pled to a bosonic bath. Using a cannonical transforma-
tion, we mapped the PT -symmetric model to well known
spin-boson model which is a purely dephasing model. Us-
ing projective measurement on system only in a thermal-
ized state of system plus bath, we arrive at correlated
initial state with bath state depending on the degrees of
freedom of the system. We show that the decoherence
due to these initial correlations are strongly modified in
the sub-ohmic regime. Moreover, it is shown that to-
tal decoherence is slowed down with the increase in the
hermiticity parameter α. At the transition point that
seperates the hermitian and non-hermitian regimes, the
dynamics of the qubit freezes out making the qubit more
robust against external perturbations. A similiar dynam-
ics is also observed in Kibble-Zurek mechanism applied
to one dimensional Ising model [30]. We see that the de-
coherence due to initial correlations in all the subohmic,
ohmics and super-ohmic cases is suppressed in the phys-
ically relevant regime for α near to 1. This results in
approximately the same dynamics of an initially corre-
lated and an uncorrelated state.
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Appendix A
In this appendix, we derive the time evolution of the
reduced density matrix ρs(t) given in the equation 16.
Since the Hamiltonian H˜ given in equation 4 is a purely
dephasing model, which results in no dynamics of the
diagonal terms of the density matrix ρs(t). Observing
that
e−βH˜ | 1〉 = e−βµe−βH+ | 1〉
e−βH˜ | 0〉 = eβµe−βH− | 0〉
with H± =
∑
k
ωkb
†
kbk ±
∑
k
E(gkbk + g
∗
kb
†
k) and µ =
ωo
2 ,
we can write the 〈1|ρs(t)|0〉 = ρ10s (t) as
ρ10s (t) =
ab∗
Z
(|a|2e−βµTrB [e2Λˆ(t)e−βH+ ]
+ |b|2eβµTrB [e2Λˆ(t)e−βH− ]) (A1)
where the partition function Z is given by
Z = |a|2e−βµTrB [e−βH+ ] + |b|2eβµTrB [e−βH− ]
Next we define a unitary transformation O± =
exp[±∑k Eωk (gkbk − g∗kb†k)] such that H± = O−1± (HB −
ξ)O± with ξ =
∑
k
E2
|g2k|
ωk
and 2Λˆ(t) = O−1± [2Λˆ(t) ±
iE2Φ(t)]O±. Therefore, we write
TrB [e
2Λˆ(t)e−βH
±
]
= TrB [O
−1
± e
2Λˆ(t)±iE2Φ(t)O±O−1± e
−βHB+βξO±]
= TrB [O
−1
± e
2Λˆ(t)±iE2Φ(t)e−βHB+βξO±]
= e±i(1−α
2)Φ(t)ZBe
−γ1(t)eβξ
where ZB = TrB [e
−βHB ]. This makes partition function
Z to be
Z = ZBe
βξ(|a|2e−βµ + |b|2eβµ)
Substituting all the above results in the expression for
the off diagonal element ρ10s (t) we have
ρ10s (t) = ab
∗ |a|2e−β
ω0
2 ei(1−α
2)Φ(t) + |b|2eβ ω02 e−i(1−α2)Φ(t)
|a|2e−β ω02 + |b|2eβ ω02 e
−γ1(t)
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